In this article, the (G /G)-expansion method is used for the analytical solutions of fractional-order Klein-Gordon and Gas Dynamics equations. The fractional derivatives are defined in the term of Jumarie's operator. The proposed method is based on certain variable transformation, which transforms the given problems into ordinary differential equations. The solution of resultant ordinary differential equation can be expressed by a polynomial in (G /G) , where G = G(ξ) satisfies a second order linear ordinary differential equation. In this paper, (G /G)-expansion method will represent, the travelling wave solutions of fractional-order Klein-Gordon and Gas Dynamics equations in the term of trigonometric, hyperbolic and rational functions.
Introduction
The aim of the present paper is to solve the fractional-order a Klein-Gordon and Gas Dynamics equations. In fact, most engineering and physical phenomena are modeled correctly by using fractional Differential Equations (FDEs) [1] [2] [3] . The FDEs have many applications in science and engineering such as earthquake model [4] , signal control system [5] , wave models [6] , finance models [7] and so on. FDEs have gained much importance among the researchers due to the above mentioned applications. Most of the researchers have presented various techniques for the solutions of FDEs, particularly fractional Partial Differential Equations (FPDEs) is the point of interest.
Among the FPDEs, the Klein-Gordon model is one of the mathematical models in quantum field theory. This model appears in non-linear optics, plasma physics, relativistic physics and also describe dispersive wave phenomena. Moreover, the variety of some other physical phenomena such as ferromagnetic and ferroelectric domain walls, DNA dynamics and Josephson and dislocation junctions are described well by KG model [8] .
The gas dynamic(or compressible flow) is a branch of fluid mechanics, which deals with the flow of fluid with significant changes in density. The Gas Dynamic equations explain the behaviour of these compressible flows. These equations are based on physical laws of conservation, namely, laws of conservation of momentum, conservation of mass, conservation of energy and so forth.
In view of the above applications, the mathematicians have developed different numerical and analytical techniques to solve FPDEs [9, 10] . For example, J. Song et al. in [11] have applied Fractional Variational Iteration Method (FVIM) for the solutions of some FPDEs. Duan et al. have used Adoman's Decomposition Method (ADM) to obtain series form solutions of different Partial Differential Equations (PDEs) and FPDEs with initial and boundary conditions [12] . Similarly, in [13] Rasool Shah et al. have applied Laplace ADM for solving a system of FPDEs. Homotopy Perturbation Method (HPM) has been applied by Wang for solving fractional kdV-Burger equations numerically [14] . With the help of Extend Tanh-Method (ETM) Raslan et al. in [15] have solved fractional equal width wave and modified equal wave equations. In [16] [23] . Moreover, the proposed method is also used for the analytical solutions of FPDEs [24, 25] . The present method gives exact solutions containing rational, hyperbolic and trigonometric functional solutions for FPDEs.
In the present work, our aim is to solve fractional-order Klein-Gordon and Gas Dynamics equations by using ( G G )-expansion method. The general form of Klein-Gordon equation is given by [26] :
where a, b and e are constants and v is a function of x and t to be determined. This equation is derived from KGEs by replacing the time order derivative by fractional derivative of α order. Similarly, the Gas Dynamics equation is given as [27] :
where v is function of x and t. For α = β = 1 the above fractional Gas Dynamics equation turns into classical Gas Dynamic equation. The fractional derivatives of order α and β in above two equations are defined in Jumarie's derivatives sense. Before, this research work, the mathematicians have also tried their best to find the analytical and numerical solutions of Equations (1) and (2) . Hashim and Chowdhury have solved KGEs with the help of HPM [28] . Kheiri et al. have analytically solved fractional KGEs with three type boundary conditions by separating variables method [29] . Similarly, Singh et al. in [30] have discussed the solution of fractional Gas Dynamics equations using HPM. In [31] Tamsir and Sarivastava have obtained an approximate analytical solution of fractional-order Gas Dynamics by using a semi analytical method referred as fractional reduced differential transform method. The advantage of proposed method in comparison with other methods is that, it deals with the problems directly. That is, equations are solved without any linearization or discretization and avoid any unrealistic assumption in providing analytical solutions in various families.
Moreover, the fractional derivatives in the above two models are defined by Jumarie's derivative operator. For any function v(x, t), this operator is expressed as [22] :
with the properties
where k is a constant and α, γ > 0. The rest of the paper is structured as follows:
In Section 2, methods and materials are discussed. In Section 3, analytical solutions for the given problems are calculated. In Section 4, a brief discussion about the results of the proposed method is given. Section 5 consists of graphical representations of our results and we make conclusions in Section 6.
Method and Materials
In this section we explain the ( G G )-expansion method for solving fractional partial differential equation. The general non-linear FPDE is given as
where v is an unknown function of x 1 , x 2 , x 3 , . . . x n and t, Q is a polynomial of v and its fractional partial derivatives. The FPDE given in Equation (3) can be solved by using the following steps:
is applied, where ξ can be defined in different ways. In this case we have used complex transformation of the form,
where a, b, ..., ξ 0 are arbitrary constants.
ii. This transformation converts Equation (3) into non-linear ODE of the form
where the derivatives of V in Equation (4) are w.r.t ξ.
iii. The expression given in Equation (4) may be integrated w.r.t ξ. iv. The G G solution to Equation (4) can be written as
where d i (i = 0, 1, 2, 3...n) are constants which are to determined. The constant n in Equation (5) is a positive integer which is called balance number. The balance number can be obtained by taking the homogenous balance between the nonlinear terms and the highest order derivatives terms in Equation (4) . More precisely the balance number can be found by using the following formulae [22] :
where D denote degree of V(ξ) as D[V(ξ)] = n and p, q and s are positive integers. Also G(ξ) in Equation (5) satisfying the following arbitrary ODEs: For fractional Klein-Gordon equation we will consider
while for fractional Gas Dynamics equation we will consider the following ODE
where A and B are constants and G is a function of ξ. Also by the general solution of Equation (7) we have [21] :
Similarly, by the general solution of Equation (8) we have [32] :
C 1 and C 2 in Equations (9) and (10) are arbitrary constants.
v. we put Equations (5) in (4), and collect the terms with the same power of (
).
vi. Equate all coefficients of (
) i in the subsequent polynomial to zero which provide system of algebraic equations in d i (i = 0, 1, 2, 3..., n), A and B.
vii. The resultant system is solved by MAPLE software to determine the unknown coefficients d i (i = 0, 1, 2, 3..., n), A and B.
viii. The calculated values in step vii are then substituted in Equation (5) to obtain ( G G ) solution for the Equation (3).
Results
In this section, we will solve fractional Klein-Gordon and Gas Dynamics equations by using (
Problem 1: Consider the fractional Klein-Gordon equation in Equation (1)
applying the following transformation
we get
where V = dV dξ for homogenous number n, we consider the homogenous balance between highest derivative V and V 2 given in Equation (13) . So by using Equation (6) we get n = 2.
The G G solution defined in Equation (5) can be applied to Equation (11), is given by
where G(ξ) satisfies Equation (7) substituting Equations (14) and (7) in Equation (13) equating the coefficients of (
) i , i = 0, 1, 2, 3, 4 to 0 we get system of algebraic equations. This system is solved by using Maple software, and after solving we get the following two cases of solutions.
Considering case 1, we get the following families of solutions: Family 1: When A 2 − 4B > 0 then Equation (14) with the help Equation (9) (if C 1 = 0 and C 2 = 0; C 1 = 0 and C 2 = 0) implies hyperbolic solitary wave solutions:
Family 2: When A 2 − 4B < 0 then Equation (14) with the help of Equation (9) (if C 1 = 0 and C 2 = 0; C 1 = 0 and C 2 = 0) implies periodic solitary wave solutions:
Family 3: When A 2 − 4B = 0 then Equation (14) with the help of Equation (9) (if C 1 = 0 and C 2 = 0; C 1 = 0 and C 2 = 0) implies rational solitary wave solutions:
Now Considering Case 2 we have further families of solutions given by Family 4: When A 2 − 4B > 0 then Equation (14) with the help of Equation (9) (if C 1 = 0 and C 2 = 0; C 1 = 0 and C 2 = 0) implies hyperbolic solitary wave solutions:
Family 5: When A 2 − 4B < 0 then Equation (14) with the help of Equation (9) (if C 1 = 0 and C 2 = 0; C 1 = 0 and C 2 = 0) implies periodic solitary wave solutions:
Family 6: When A 2 − 4B = 0 then Equation (14) with the help of Equation (9) (if C 1 = 0 and C 2 = 0; C 1 = 0 and C 2 = 0) implies rational solitary wave solutions:
Problem 2: The fractional Gas Dynamics equation in Equation (2) is given by
for homogenous number n, we consider the homogenous balance between highest derivative V and V 2 given in Equation (17) . So by using equation Equation (6) we get n = 1. The G G solution defined in Equation (5) can be applied to Equation (15), is given by
substituting Equations (18) and (8) in Equation (17) equating the coefficients of (
) i , i = 0, 1, 2 to 0 we get system of algebraic equations. This system is solved by using Maple software, and after solving we get the following two cases of solutions.
Case 1:
Case 2:
Family 1: When A > 0 then Equation (18) with the help of Equation (10) implies periodic solitary wave solutions:
(i) When C 1 = 0 and C 2 = 0
Family 2: When A < 0 then Equation (18) with the help of Equation (10) implies hyperbolic solitary wave solutions:
))) (23) (ii) When C 1 = 0 and C 2 = 0
Now considering case 2, we get the following families of solutions Family 3: When A > 0 then Equation (18) with the help of Equation (10) implies periodic solitary wave solutions:
))) (25) (ii) When C 1 = 0 and C 2 = 0
Family 4: When A < 0 then Equation (18) with the help of Equation (10) implies hyperbolic solitary wave solutions:
))) (27) (ii) When C 1 = 0 and C 2 = 0
))) (28)
Discussion
As compared to other analytical methods, the (G /G)-expansion method is an efficient analytical technique because it provides several periodic and solitary travelling wave solutions with some parameters. The results obtained by proposed method expose the inner mechanism of physical phenomena and provide distinct exact solutions of different physical structures in non-linear science. Besides physical applications, the series form solutions of method help the numerical solvers to compare accuracy of their results and to assist them in stability analysis.
In the proposed method, the balance between linear effect and nonlinearity effect gives rise to solitons. The solitons are solitary waves that propagates with very little use of energy and retain its shape and speed after colliding with another such waves. Our proposed method provides three different important families of solitary wave solutions for the problems such as for fractional Klein-Gordon equation, hyperbolic solitary wave solutions when A 2 − 4B > 0, periodic solitary wave solutions when A 2 − 4B < 0 and rational solitary wave solutions when A 2 − 4B = 0 are obtained. Similarly, for fractional Gas Dynamics equation we get hyperbolic solitary wave solutions when A > 0 and periodic solitary wave solutions when A < 0. For the negative and positive value of k, Equations (12) and (16) show disturbances which are moving in positive or negative x-direction according to the value of k. Moreover, the proposed method does not need any linearization processes for solving problems as compared to some other methods.
Turget and Ismail have used (G /G)-expansion method for the analytical solutions of integer order Klein-Gordon equation in [33] . The result obtained by the proposed method is the generalization of the work of Turget and Ismail. If we put α = 1, a = α, b = β, e = γ, k = ω and c = 1 in Equation (11) then the values of parameters obtained by present method become identical to the values obtained by them. Omer and Baleanu [27] achieved only one exact solution for fractional Gas Dynamics equation by applying an analytical approximation. As mentioned in introduction section that for α = β = 1 the fractional Gas Dynamics equation turns into classical Gas Dynamics equation, therefore by putting α = β = 1 in Equations (21)- (28) we can obtain analytical solutions for it. Moreover, twelve exact solutions for Klein-Gordon equation and eight for Gas Dynamics equation are obtained here by applying the (G /G)-expansion method, some of which are new and have not reported so far in literature for any choice of parametric values. 
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Conclusions
In this research article, the (G /G)-expansion method is applied for the analytical solutions of fractional Klein-Gordon and Gas Dynamics equations. The fractional derivative is described in Jumarie's sense. The complex transformation is used to reduced the given FPDEs into ODEs. The (G /G)-expansion method is implemented in series form with some unknown coefficients, which provide the system of algebraic equations containing these unknowns. The system of equations is solved by Maple software to determine these unknown. Thus the (G /G) solution is obtained for the given problems in hyperbolic, trigonometric and rational families. The proposed method is an efficient analytical technique as compared to other analytical methods because it provides several periodic and solitary travelling wave solutions with some parameters. The results obtained by the proposed method play a vital role in exposing the inner mechanism of physical phenomena and provide distinct solutions of different physical structures in non-linear science. Besides physical applications, the series forms solutions of method help the numerical solvers to compare the accuracy of their results and assist them in stability analysis.
The procedure of (G /G)-expansion method is easy and accurate for solving the given problems. Therefore, the proposed method can be extended to other FPDEs. 
